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Abstract

Potential equivalence transformations (PETs) are effectively applied to a class
of nonlinear diffusion—convection equations. For this class, all possible
potential symmetries are classified and a theorem on their connection with
point symmetries via PETs is also proved. It is shown that the known nonlocal
transformations between equations under consideration are nothing but PETs.
The action of PETs on sets of exact solutions of a fast diffusion equation is
investigated.

PACS number: 02.30.Jr

1. Introduction

In this paper, we consider a class of nonlinear diffusion—convection equations of the form
up = (du)uy)x +k(u)uy D

that have a number of applications in mathematical physics (see for instance [2, 3, 18, 25]).
Equation 1 is also called Richard’s equation [29, 36].

Here, d = d(u) and k = k(u) are arbitrary smooth functions of u, d(u) # 0. The linear
case of (1) (d, k = const) was studied by Lie [20] in his classification of linear second-order
PDEs with two independent variables. (See also a modern treatment of this subject in [23].)

Various classes of quasi-linear evolutionary equations in two independent variables that
intersect class (1) were investigated by means of symmetry methods in [4, 9, 11, 19, 22, 24,
33, 36, 37]. The complete and strong group classification of (1) as well as a review of previous
results on this subject were presented in [27].

To study nonlocal symmetries of PDEs in the framework of the local approach, Bluman
et al [7, 8] proposed the notion of potential symmetries. A system of PDEs may admit
symmetries of this kind when some of the equations can be written in a conserved form.
After introducing potentials for PDEs written in the conserved form as additional dependent
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variables, we obtain a new (potential) system of PDEs. Any local invariance transformation
of the obtained system induces a symmetry of the initial system. If transformations of some
of the ‘non-potential’ variables explicitly depend on potentials, this symmetry is a nonlocal
(potential) symmetry of the initial system. More details about potential symmetries and their
applications can be found in [5, 7, 8]. Potential symmetries of (1) and its generalizations were
studied by Sophocleous [30-32]. Other approaches for investigation of nonlocal symmetries
of (1) were used in [1, 28]. Lisle [21] obtained a number of results concerning equivalence
transformations of (1) and (4) and group classification in these classes. Unfortunately, these
results, including the notion of potential equivalence transformations (PETs), were little known
until now and were rediscovered by other scientists.

In this paper, we study in detail connections between symmetries and equivalence
transformations of equations (1), corresponding potential systems and equations for the
potential. For class (1), we prove a theorem on connection of the potential symmetries
with local ones via PETs. It is shown that all the known nonlocal transformations between
equations from the class under consideration are, in fact, PETs. In particular, they include the
well-known transformations linearizing the u~2-diffusion (named also Fujita—Storm) equation
[6, 34], Fokas—Yortsos [12, 35] and Burgers equations [10, 13, 17] as well as the less known
transformation of ‘logarithmic nonlinearity’ to ‘power nonlinearity’. For some equations
PETs are nonlocal symmetries. In such cases they generate additional equivalences on the
corresponding sets of solutions and can be used, e.g., to construct new exact solutions from
known ones.

Our paper is organized as follows. In section 2, known results on classical group analysis
of diffusion—convection equations are adduced in a form which is suitable for purposes of
our investigations. After formulating the statement of problem on classification of potential
symmetries rigorously, we completely classify symmetries of such kind for the equations under
consideration in section 3. Analysis of connections between potential and Lie symmetries of
equations from class (1), which is given in section 4, is essentially based on the accuracy of
the above classification results. The main theorem on reducibility of potential symmetries to
point symmetries with potential and additional point equivalence transformations is proved
for class (1). Section 5 is devoted to the demonstration of using PETs as nonlocal invariance
transformations. As an example, the fast diffusion equation #, = (Inu),, is considered in
such framework.

2. Group classification of diffusion—convection equations

The exhaustive result on classical group classification of class (1) is presented by the statements
adduced below [27].

Using the direct method, we construct the complete equivalence group including both
continuous and discrete point transformations.

Theorem 1. Any transformation from the equivalence group G~ has the form

T =eut+e¢g, X =&s5x + &7t + &, it = esU + €3,
7 1.2 A _
d =g, &3d, k=g, esk — e,

where €1, ..., g7 are arbitrary constants, €465&¢ 7 O.

Corollary 1. If the equations from class (1) are rewritten in the explicit conserved form

u; = (du)u, — Ku)) 2
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Table 1. Results of group classification for class (1).

N  du) k(u)  Basis of A™a

0 \4 v Jr, Oy

1 v 0 Of, Oy, 210; + X0y

2 et e 07, Oy, (U —2)t0; + (U — 1)x0y + 0,

3 et u 0r, Oy, 10; + (x — 1)0y + 0y

4 e 0 Oy, Oy, 2t0; + X0y, 10; — 3y

5 ut u' Oz, Oy, (U —2V)10; + (. — V)X 0y + udy

6 ut Inu Op, Oy, 1 + (ux — )0y + ud,

Ta  ut 0 Oy, Oy, 2107 + X0y, Ut0; — Uy

7o u? w2 9, 0y, 200 +udy, e ¥ (dy +udy)

8 w0 B, By, 208; + x0y, 40, + 3ud,, x>0, — 3xud,

9 1 u By O, 10y — Dy, 200, + X0y — Uy, 120; + 1x0x — (tu + x)dy

10 1 0 B, Oy, 200 + Xy, 200, — xudy, 4628, +4tx8y — (X2 + D)udy, udy, hd,
where K,, = —k, then the corresponding equivalence group G~ consists of the transformations

;=84l‘+€], X =é&5x +&7t + &, U = &egU + €3,

7 -1.2 z —1

d=c¢, &5d, K =g, e566K + e7u + &g,
where €1, ..., €g are arbitrary constants, 4&s5¢¢ 7 0.

Theorem 2. The Lie algebra of the kernel of principal groups of 1 is A*" = (3,,9,). A
complete set of G~ -inequivalent equations (1) with the maximal Lie invariance algebra A™*
not equal to AX" is exhausted by cases given in table 1.

Note 1. In table 1, u, v = const. (u,v) # (=2, —2),(0,1) and v # O for Case 1.5. u #
—4/3, 0 for Case 1.7a. The function 2 = h(t, x) is an arbitrary solution of the linear heat
equation (h, = h,,). Case 1.7b can be reduced to 1.7a (u = —2) by means of the additional
equivalence transformation

f=t, X =e",

Ty, 3)

N
I
(¢}
<

Note 2. Hereafter for convenience we use double numeration 7. N of classification cases,
where T denotes the number of the table and N denotes the number of the respective case in
table T. The notion ‘equation 1. N’ (‘system 2.N’) is used for the equation of form (1) (the
system of form (4)) where the parameter functions take values from the corresponding case.

Note 3. The exponential Cases 1.2—1.4 can be regarded as limits of the power Cases 1.5-1.7a.
More exactly,

d=1+v ' u, u=pv: 1.5,, = 1.2, v — +o0,
= 1+,u_lu,f= ,uzt,fc =pux: 1.6, - 1.3, u — 400,
i=1+p'u: 172, — 1.4, u — +oo.

The above limits are extended to the structure of the Lie invariance algebras and can be used to
obtain exact solutions for the exponential cases from those for the power cases. Some partial
cases of the above limits for diffusion equations (k = 0) were adduced in [7, 8].
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3. Classification of potential symmetries

After rewriting equation (1) in the conserved form u; = (du, — K), where K’ = —k and
introducing the new (potential) unknown function v = v(#, x), we obtain the equivalent system
of PDEs (called the potential one)

vy = U, v, =du, — K. “)
It follows from system (4) that the function v satisfies the equation
vy = d(V) v — K(vy) &)

that is called the potential equation corresponding to equation (1). System (4) can be regarded
as a Lie-Bécklund transformation between equations (1) and (5).

Lisle proved in [21] that the Lie algebra of the equivalence group G
systems (4) is

pot for the class of

A;o[ = (0, Oy, 0y + X0y, 0y, 10, — ddg — Kk, x0 +v0, +2d0y + K g,
ud, +vd, + Koy, 13, +udg, 13, — g, vd, — u’d, +2udd; — uKdg).
He also constructed the connected component of unity in G, and attached some discrete

equivalence transformations to it. We prove using the direct method that the transformation
group obtained in such way coincides with the whole equivalence group G .

Theorem 3. Any transformation from G has the form

pot
z ~ / ! I /
t=¢it+6, X =¢glx +ev+est + gy,
" "
_ el +elu
U=¢lx+ejv+eit+e), u:4], ,2 ,
g +&5u
/ / 2 N/ N/,
-~ (e +&lu) - ey —ehe! K
_ & 2 _ &85 201 KA
d=—"*"d, K=———
&1 & t&eu &

! " "
S R ks L
g1 e &y +ehu’

where €1, €2, €}, €/ (i = 1,4) are arbitrary constants, €, (g)€5 — g5e|) # 0.

Definition 1. We call the transformations from G potential equivalence transformations
(PETs) for class 1 (or 2).

Theorem 4. The set G, o, of potential equivalence transformations which act on the
arbitrary elements d and K trivially modulo G~ is a normal subgroup of Go. The
corresponding factor group can be identified with the group formed by the transformations
- . . u
t=t, X =x+ev, u=1+8 >
u
} } K (6)
b=, d = (1+eu)’d, K= ,
1 +eu

where ¢ is an arbitrary real, and the hodograph transformation of variables x and v

:u_l,

=—u"'K.

~1
I
>
=
I
=
N1

(7

<
Il
=
e
Il
<
(i8]
=
=t
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Table 2. Results of group classification for systems (4) with respect to Gy po-equivalence.
N d(u) K (u) Basis of AM#
0* A v 0y, Oy, Oy
1* A 0 O, Oy, Dy, 20; + X0y + v,
2x et e 0r, Ox, Oy, (0 — )10, + (1 — Dxdy + 0y + (0 — Dv +x)0y
3* et u? Or, Oy, Oy, 10; + (X +28)0y + 0y + (x +v)dy
4* et 0 Or, Oy, Oy, 260 + X0y + vy, 13; — 0y — X0y
5% ut uVt! Or, Oy, Oy, (0 — 2V)10; + (U — V)X 0y +ud, + (L — v + 1)vd,
6* ut Inu Op, Oy, Oy, (U +2)t0; + (+ 1)x0y +ud, + ((L+2)v —1)dy
7* ut ulnu 0f, Oy, Oy, 10y + (UX + 1)y + udy + (1 + 1)vd,
8* ut 0 0r, Oy, Oy, 2t0; + X0y + vy, U10; — udy, — VI,
1 u"Zenln oy ellu B, Oy Oy (0 — )20, + (0 — Dx +v)d — 120y, + (u — 1vdy
2 u=Zelm oyl By D, Dy, 10 + (X + )y — Uy, + (v — 20)d,
3 uZelt 0 e, Oy, Dy, 209 + X0y + vy, 13, — vy +u>dy
v+l
4 F:{fm G B, A, Dy, (0 — 20013, + (10 — V)X — )y +u(u + 1), + (i — v+ 1)vd,
5 # uln Or, Oy, Oy, 10 + (Ux +v — 1) +u(u + 1)3, + (u + 1)vd,
6 ﬁ 0 Of, Oy, Oy, 210; + X0y + VIy, Ut d; + vy — u(u +1)9, — vy
7 “ZH VuZ s levactanu g5 5 (w—20)td + (0 — v)x — v)dy + @2 + Dy +
(o + (= v)v)dy
8 e 0 By, Oy, By, 200 + X0y + vy, 10y + vdy — (U +1)3, — x0,
9 u2 0 Or, Oy, 2t0; + Uy + v0y, —VX 0y + u(ux +v)9y, + 2to,,

4129, — (V2 +20)x3y + u (V2 + 61 + 2xuv)dy + 410y,
xax - Mau, ¢ax - ¢vu23u

10 u? u! ;. By, 200, + udy + vy, —dx + Uy + 213y,
4129, — (V2 +20)0, + 2u(uv + 21)d, + 41vd,,
a)n eﬂ(ﬁax +et (¢ - u¢v)u8u

111 —u? ;. B¢, 200; + X0y — udy, 210x — 0y — Xy,
4129, + 41xdy — 2(x +2ut)d, — (x2 +21)d,,
0y, e V(hy — hu)d, +e Vho,

12 1 0 0r, Oy, 2t0; + X0y — U0y, 2t0, — (Xu +v)0, — XV0y,
4129, + 41xdy — (X% +61)u + 2x0)d, — (x2 +21)vd,,
udy, +voy, hy0, +ho,

Here ¢, v = const. (i, v) # (=2, =2), (0, )andv # —1, Ofor Cases 2.5"and 2.4. u # —2, 0 for Cases 2.8* and 2.6.
The functions ¢ = ¢ (¢, v) and h = h(t, x) are arbitrary solutions of the linear heat equation (¢ = ¢yy; hy = hyy).

Definition 2. We will call (6) and (7) purely potential equivalence transformations for the
class of PDEs (1).

Studying potential symmetries of (1) is equivalent to solving the group classification
problem in the class of systems (4) with respect to the (incomplete) equivalence group G

triv. pot*
Let us note that potential symmetries of (1) were investigated in [30]. Using transformations
from G5, o We essentially simplify, order and complete these results.

Theorem 5. The Lie algebra of the kernel of principal groups of (4) is Alrff){ = (0, Oy, Oy)
(= %"). A complete set of G, o -inequivalent systems (4) with the maximal Lie invariance

algebra A™ not equal to Al';f){ is exhausted by cases given in table 2.

To test some results presented in table 2, we used the unique program LIE by Head [16].
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4. Analysis of classification results

Let us analyse the connections between cases from tables 1 and 2.

Cases 2.0"-2.8* completely correspond to Cases 1.0-1.7a: 2.0* < 1.0, 2.1* < 1.1,
22% < 1.2, 23" < 1.3, 24" < 14, 25" < 1.5,41, 2.6° < 1.5,_;, 27" < 1.6,
2.8, 2-a3 <> 172, . The constant multiplier in K (~k) can be change using equivalence
transformations of the form 7 = &2, % = ex,ii = u,? = ev,d = d, K = ¢K
(~k = ek), which nontrivially act only on the latter basis operators in Cases 2.3* and
1.3. The correspondence 2.7* — 1.6 are established with the equivalence transformation
f=ti=—-x,i=ub=-v,d =d,K =—K+1. All the above correspondences also
mean isomorphisms of AY'%* / (dy) and AT*, which are realized by means of the projection to
the space of (¢, x, u) (—) or the prolongation on the variable v (<—). Therefore, equation (1)
has no pure potential symmetries for these values of d and k.

Cases 2.8/ _ 4 /3 and 1.8 do not correspond to each other completely because the basis

operator x>9, —3xud, from AY'?* cannot be prolonged onto v in a local manner and the algebra
A%%:,4/3 / (dy) is isomorphic to a proper subalgebra of ATg*.

There are pairs of ‘starred’ cases from table 2 which are equivalent with respect to the
hodograph transformation (7): 2.5} , <> 2.57, , (1 + w==2,v+v' =1),26, < 2.7,

28, < 2.8;, (u+ ' = —2). (To exclude from consideration cases which are equivalent to

other with respect to G, we have to assume additionally that, e.g., u > —1l and v > % if
u = —1 for Cases 2'5;‘1,” and 2.8;;.) Therefore, the following statement is true.

Lemma 1. Cases in the pairs (1.5,,, 1.5, )(n+p' = =2,v+v" = 1), (1.5,—_;, 1.6),
(1.7a,, 1.7a,) (u+ p' = —2) are equivalent with respect to PET (7).

The algebras AT{*—AN'} contain operators which are not projectible to the space (¢, x, u),
i.e., their coefficients corresponding to the variables ¢, x and u# depend on v. Therefore,
equation (1) for these values of d and K has purely potential symmetries.

Cases 2.1-2.6 including the corresponding Lie invariance algebras are reduced to ‘starred’
cases by means of using purely PETs (7) and (6): 2.1 — 2.2*, 2.2 — 2.3* 2.3 — 2.4*
(hodograph transformation (7)); 2.4 — 2.5%, 2.5 — 2.6%, 2.1 — 2.2* (transformation (6) with
e=1).

Using the equivalence transformation? =, X = x —t,ii = u, v =v+2t,d =d, K =

K —u — 2 from G . one can reduce the function K in Case 2.4 (v = —2) to the
simpler form K = u~!. Then the last operator has the form (u + 4)td; + (1t +2)x — v)d, +
u(u+1)9, + ((u+3)v+2t)d,. A similar statement is true for v = —3.

Cases 2.7 and 2.8 are most specific in the sense of reducibility to cases from table 1. There
exist no transformations over the real field that reduce these cases to a simpler form. After
considering equation (1) and system (4) over the complex field we can reduce Cases 2.7/2.8
to Cases 2.5, ,/2.8}, where w = —ipn/2 — 1,v' = —iv/2 — 1/2 using the partial case of
transformation (6):

= —4¢, ¥ = —2x +2iv, D = 2x + 2iv,

o u—i 7 ) . K

= -, d = (u+1)-d, K=—.
u+i u+i

Cases 2.7, and 2.7, ,» (2.8, and 2.8,,/) are equivalent iff © = —p’ and v = —v" (u = —p/).
The equivalence is realized by means of the transformation of changing signs of x and u
simultaneously. To exclude from consideration cases which are equivalent to other with
respect to G, e.g., we have to assume additionally u > Oand v > 0if u =0 (u > 0).

pot?
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The u—2-diffusion, Fokas—Yortsos, Burgers and linear heat equations (Cases 1.7a,-_,
1.7b, 1.9 and 1.10 correspondingly) essentially are distinguished by the group classification
of equations (1) in different ways. After introducing the potential v and replacing
equations (1) with systems (4) (Cases 2.9-2.12), distinction between these cases and the others
becomes more explicit because A7 *—A%'"3 are isomorphic infinite-dimensional algebras and,
using PET (7) and additional equivalence transformation (3), we can transform these cases to
each other (see also [21]):

~ A_D A P PN - ~ A ~ ~ o~ A ~ ~ ~ ~ o~
iy = (020, + 0 s f=ft=v,a=0"0=% iy = fgy + 20ii;
A 5 ~ _Afz/\ 1 S — R _~~+~2
Dy =h, 0y =00 — 0 Uy = @1, UF = @iz + 1
Y a £ v —&a v o ~ Ux ~ - " 9
f=fy=cei=cF0,9="9 i=— v =vy <= t=Lx=Fu=ie,v=¢e
iy = (20 )y f=t,¥=vii=u"D=x Uy = Uy
Yy =1, O = ity Uy = U, U = Uiy

Therefore, all equations (1) having infinite-dimensional algebras of potential symmetries
are either linear or linearizable. As one can see, the well-known Cole—Hopf transformation
can be obtained as a combination of the above transformations. Only for the linear heat
equation the potential symmetry algebra factorized with (d,) is isomorphic to the maximal
Lie invariance algebra. The isomorphism is not established with simple projection to the
space (¢, x, u). It is possible because of linearity and coincidence of the initial and potential
equations.

The above analysis results in the following theorem.

Theorem 6. All the symmetries presented in table 2 can be obtained from Lie symmetries of
(1) by means of prolongation to the potential v and application of PETs (6) and (7) (over the
complex field in Cases 2.7 and 2.8) and additional equivalence transformation (3) prolonged
tov (v = v).

Symmetry properties of systems (4) are connected in a more direct way with those of (5)
than with those of (1) because systems (4) are simply the first prolongation [23] of (5) with
respect to the variable x. Using this connection, we can easily solve the problem of group
classification in the class of equations (5).

~

Theorem 7. The equivalence group Gpot

of the class of equations (5) and its Lie algebra

A;m are projections of G and Ay, to the space (t,x,v). The Lie algebra of the kernel

of principal groups of (5) is AX" = (3,9, d,). A complete set of G

pot pot
equations (5) with the maximal Lie invariance algebra A™ not equal to Agﬁﬁ is exhausted by

Cases 2.0*-2 4%, 2.5;’]) (uw>=—-landv > % ifu=-—1),26%, 2.8;’; (w=-=-1,27uu=0
andv 2 0ifu=0),2.8(u=0)and2.12.

-inequivalent

5. PETs as nonlocal symmetry transformations

There exist equations in class (1) that are invariant with respect to nontrivial transformations

from G;m. Thus, equation (1) admits transformations either (6), ¢ = 1 or (7) iff
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either d =u2F'(u™"), K =uG'u™") or
d=u""F*(Inu), K = u'?G*(Inu),

where F' and G' are periodic functions with the period equal to 1 and F? (G?) is an even
(odd) function. Such nonlocal symmetry transformations generate additional (with respect to
Lie symmetries) equivalences in sets of solutions.

Consider, in more detail, the fast diffusion equation

u; = (u_lux)x. (8)

It is invariant with respect to transformation (7) which is additional to the usual Lie symmetry
group G™ of equation (8). Action of elements of G™* on the solutions is given by the
formula [24]

ut,x) = 8;182u(83t + &1, 84X + &),

where €1, ..., &4 are arbitrary constants, €34 # 0.

Lemma 2. The set of Lie invariant solutions of equation (8) is closed under
transformation (7).

Proof. Transformation (7) generates an adjoint action  on the Lie symmetry algebra

AT — (5, 3y, 8y, D' = x8, — 2ud, — vdy, D* = 219, + x0, +vd,)

pot
of the corresponding potential system (Case 2.87 __,), which is determined in the following
way: H(3;) = 8, H(dy) = 8,, H(3,) = 3y, H(D") = —D', H(D? = D?. Elements of the
Lie symmetry algebra

A™ = (5, 3,, D' = x8, — 2ud,, D* = 213, + x9y)

of equation (8) is prolonged with respect to v ambiguously up to a term proportional to 9,,.
Therefore, transformation (7) correctly generates also an adjoint action H’ on the classes of
elements from A™*, which differ each from other with terms proportional to 9,,.

In view of the above, up to translations with respect to v (or x) any invariant solution of (8)
gives an invariant solution of the potential system, which is transformed by (7) to an invariant
solution of the same system, and the latter solution can be projected to an invariant solution
of (8). |

All invariant solutions constructed in closed forms earlier with the classical Lie method
were collected, e.g., in [26]. A complete list of G™*-inequivalent solutions of such type are
exhausted by the following ones:

1 1 2t
D= e @u=en = e W e
S 2% ; -2 2t
()u_coszx’ ()u_coshzx’ ()u_smh2x

©))

Here ¢ and u are arbitrary constants, ¢ € {—1, 0, 1} mod G™**. The arrows denote the possible
transformations of solutions (9) to each other by means of (7) up to translations with respect
to x:

OWemo; Wt <= Wemtmco; OW)em i xrr=0; (2) <> =0t
O@ez0; (5 <= @emas (6) <> B emappjeus () <> @emajx=201-
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The fifth connection was known earlier [14, 28]. If i« 7 0 solution (3) from list (9) is mapped
by (7) to the solution

@) u=10(w) —t+pure @, o = x — Int,

which is invariant with respect to the algebra (9, + 9, + ud,). Here, ¥ is the function
determined implicitly by the formula [( — 1+ pe )1 d® = w.

To find exact solutions of equation (8), other methods can also be used. Thus, Gandarias
[15] found the new exact non-Lie solutions with the nonclassical symmetry method. We
adduce the list of these solutions up to G™**-equivalence, completing it with similar ones:

cost cosht
D u=———"—; Qu=———"—;
sinx — sint sinh x — sinh ¢
. . (10)
—sinh ¢ sinh ¢ cost
B)u= @D u= S u=

coshx +cosht’ coshx — cosht’ "~ coshx +sint’
Solutions (10) can be presented in the form of compositions of two simple waves which move

with the same velocities in opposite directions:
(1) u = cot(x —t) +tan(x +1); (2) u = coth(x — t) — tanh(x +1);
(3) u = tanh(x — t) — tanh(x + ¢); (4) u = coth(x +t) — coth(x — ¢).

(We simplify the above representations by a scale transformation. The fifth solution admits
such representation over the complex field only.) Solutions (4) and (5) are not adduced in [15]
in any form.

Up to translations with respect to x, transformation (7) acts on the set of solutions (10) in
the following way:

(Dsinx>sine <> (5); (Dsinx<sing <> ) ]x——x;

O@)yers () PP ) I N (3) «— @) xj=pi; O pa11-

The latter actions can be interpreted in terms of actions of transformation (7) on the nonclassical
symmetry operators which correspond to solutions (10).

6. Conclusion

It was proved above that any nonlinear diffusion—convection equation having nontrivial
potential symmetries can be reduced to another diffusion—convection equation with potential
equivalence transformations such that all symmetries will become point. This result generates
a number of questions, and each is an interesting problem. Are similar statements right for
more general classes of differential equations? Does a differential equation exist, potential
symmetries of which cannot be constructed from point symmetries of an equation equivalent
to the initial one via potential transformations? Could the result be generalized to other kinds
of symmetries (e.g., nonclassical, conditional and approximate ones)? We believe that solving
the above problems will allow us to understand deeper the essence of potential symmetries.

We have also investigated the other potential forms of equations (1). These results will
be published in our further paper on the subject.

Acknowledgments

The authors are grateful to Professors V Boyko, A Nikitin, O Morozov, C Sophocleous,
I Yehorchenko and A Zhalij for useful discussions and interesting comments. The research
of NMI was partially supported by National Academy of Science of Ukraine in the form of



3154 R O Popovych and N M Ivanova

the grant for young scientists. ROP thanks Professor F Ardalan and Dr H Eshraghi (School
of Physics, Institute for Studies in Theoretical Physics and Mathematics, Tehran, Iran) and
Professor J Patera (Centre de recherches mathématiques, Université de Montréal, Canada) for
hospitality and support during the writing of this paper.

References

[1] Akhatov I Sh, Gazizov R K and Ibragimov N Kh 1987 Group classification of equation of nonlinear filtration
Dokl. Acad. Nauk SSSR 293 1033-5 (in Russian)

Akhatov I Sh, Gazizov R K and Ibragimov N Kh 1991 Nonlocal symmetries. A heuristic approach. (Russian)
Translated in J. Sov. Math. 55 1401-50 Itogi Nauki i Tekhniki, Current problems in mathematics. Newest
results, vol 34 (Russian), pp 3-83, 195, Akad. Nauk SSSR, Vsesoyuz. Inst. Nauchn. i Tekhn. Inform., Moscow,
1989

[2] Barenblatt G I 1952 On some unsteady motions of a liquid and gas in a porous medium Prikl. Mat. Mekh. 16
67-78
[3] Barenblatt G I 1952 On automodel motions of compressible fluid in a porous medium Prikl. Mat. Mekh. 16
679-98
[4] Basarab-Horwath P, Lahno V and Zhdanov R 2001 The structure of Lie algebras and the classification problem
for partial differential equation Acta Appl. Math. 69 43-94
[5] Bluman G W 1993 Potential symmetries and equivalent conservation laws Modern Group Analysis: Advanced
Analytical and Computational Methods in Mathematical Physics (Acireale, 1992) ed N H Ibragimov,
M Torrisi and A Valenti (Dordrecht: Kluwer) pp 71-84
[6] Bluman G and Kumei S 1980 On the remarkable nonlinear diffusion equation (d/9x)[a(u + b2 (Qu/ox)] —
du/dt = 0J. Math. Phys. 21 1019-23
[7]1 Bluman G W and Kumei S 1989 Symmetries and Differential Equations (New York: Springer)
[8] Bluman G W, Reid G J and Kumei S 1988 New classes of symmetries for partial differential equations J. Math.
Phys. 29 806-11
[9] Cherniha R and Serov M 1998 Symmetries ansitze and exact solutions of nonlinear second-order evolution
equations with convection terms Eur. J. Appl. Math. 9 527-42
[10] Cole J D 1951 On a quasilinear parabolic equation used in aerodinamics Q. Appl. Math. 9 225-36
[11] Edwards M P 1994 Classifical symmetry reductions of nonlinear diffusion—convection equations Phys. Lett. A
190 149-54
[12] Fokas A S and Yortsos Y C 1982 On the exactly solvable equation S; = [(8S + y))’zSX]X +a(BS + y))*2sx
occurring in two-phase flow in porous media SIAM J. Appl. Math. 42 318-32
[13] Forsyth A R 1906 The Theory of Differential Equations vol 6 (Cambridge: Cambridge University Press)
[14] Fushchych W I, Serov M I and Amerov T K 1992 On nonlocal ansétzes for a nonlinear one-dimensional heat
equation Proc. Acad. Sci. of Ukraine No. 1 pp 26-30
[15] Gandarias M L 2001 New symmetries for a model of fast diffusion Phys. Lett. A 286 153—60
[16] Head A K 1993 LIE, a PC program for Lie analysis of differential equations Comput. Phys. Commun. 77 241-8
(see also http://www.cmst.csiro.au/LIE/LIE.htm)
[17] Hopf E 1950 The partial differential equation u; + uuy = puyx, Commun. Pure Appl. Math. 3 201-30
[18] Kamin S and Rosenau P 1982 Nonlinear thermal evolution in an inhomogeneous medium J. Math. Phys. 23
1385-90
[19] Katkov V L 1968 Exact solutions of some problems of convection Prikl. Mat. Mech. 32 482—6
[20] Lie S 1881 On integration of a class of linear partial differential equations by means of definite integrals CRC
Handbook of Lie Group Analysis of Differential Equations vol 2 pp 473-508 (Translation by N H Ibragimov
1881 Arch. Math., Bd. VI, Heft 3, Kristiania, pp 328-68)
[21] Lisle I G 1992 Equivalence transformations for classes of differential equations Thesis University of British
Columbia (http://www.ise.canberra.edu.au/mathstat/StaffPages/LisleDissertation.pdf) (see also Lisle I G and
Reid G J Symmetry classification using invariant moving frames ORCCA Technical Report TR-00-08
(University of Western Ontario), http://www.orcca.on.ca/TechReports/2000/TR-00-08.html submitted to
Foundations of Computational Mathematics)
[22] Oron A and Rosenau P 1986 Some symmetries of the nonlinear heat and wave equations Phys. Lett. A 118
172-6
[23] Ovsiannikov L V 1982 Group Analysis of Differential Equations (New York: Academic)
[24] Ovsiannikov L V 1959 Group properties of nonlinear heat equation Dokl. Acad. Nauk SSSR 125 492-5
(in Russian)



Potential equivalence transformations for nonlinear diffusion—convection equations 3155

[25]
[26]
[27]
[28]

[29]
[30]

(31]
(32]
(33]

[34]
[35]

Philip J R 1980 Quasi-analytic and analytic approaches to unsaturated flow Flow and Transport in the Natural
Environment: Advances and Applications ed W L Steffen and O T Denmead (Berlin: Springer)

Polyanin A D and Zaitsev V F 2002 Handbook of Nonlinear Equations of Mathematical Physics (Moscow:
Fizmatlit)

Popovych R O and Ivanova N M 2004 New results on group classification of nonlinear diffusion—convection
equations J. Phys. A: Math. Gen. 37 7547-65 (see also Preprint math-ph/0306035.)

Pukhnachov V 'V 1996 Nonlocal symmetries in nonlinear heat equations Energy Methods in Continuum
Mechanics (Oviedo, 1994) (Dordrecht: Kluwer) pp 75-99

Richard’s L A 1931 Capillary conduction of liquids through porous mediums Physics 1 318-33

Sophocleous C 1996 Potential symmetries of nonlinear diffusion—convection equations J. Phys. A: Math. Gen.
29 6951-9

Sophocleous C 2000 Potential symmetries of inhomogeneous nonlinear diffusion equations Bull. Aust. Math.
Soc. 61 507-21

Sophocleous C 2003 Classification of potential symmetries of generalised inhomogeneous nonlinear diffusion
equations Physica A 320 169-83

Sposito G 1990 Lie group invariance of Richard’s equation fluids Hierarchical Porous Medium ed J Cushman
(New York: Academic) pp 32747

Storm M L 1951 Heat conduction in simple metals J. Appl. Phys. 22 940-51

Strampp W 1982 Backlund transformations for diffusion equations Physica D 6 113-8

[36] Wiltshire R and El-Kafri M 2004 Non-classical and potential symmetry analysis of Richard’s equation for

(37]

moisture flow in soil J. Phys. A: Math. Gen. 37 823-39
Yung C M, Verburg K and Baveye P 1994 Group classification and symmetry reductions of the non-linear
diffusion—convection equation u;, = (D (u)uy), — K'(u)uy Int.J. Nonlinear Mech. 29 273-8



